
































































Distributed Inference for Linear Support Vector Machine

where I
{

1− β∗0 − β∗1
1−α0−xT

−1α−1−hy
α1

− xT
−1β

∗
−1 ≥ 0

}
= I{y ≥ α1

h �(α,β∗,x−1, 0)} and ~x∗

denotes ~x with x1 being replaced by
1−α0−xT

−1α−1−hy
α1

. According to Condition (C2), (C3)
and (C4), note that∫

R
(~vT ~x∗)2 exp(t|~vT ~x∗|K(~x∗, θ̃))

[
H(y)− I{y ≥ α1

h
�(α,β∗,x−1, 0)}

]2

× f

(
1− α0 − xT

−1α−1 − hy
α1

|x−1

)
dy

≤C
(
vT
−1x−1

)2
exp(t

′ |vT
−1x−1|2 + t

′
(1 + |θT

−1x−1|+ |αT
−1x−1|+ |β∗T−1x−1|)2)

×
(

1 +
∣∣∣α1

h
�(α,β∗,x−1, 0)

∣∣∣) ,
for some t

′
> 0. Therefore, by (C3)∫

Rp

(~vT ~x)2 exp(t|~vT ~x|K(~x, θ̃))

[
H

(
1− ~xTα̃

h

)
− I{ε ≥ 0}

]2

f(x)dx ≤ O(h+ ‖α̃− β̃
∗
‖2).

On the other hand, we can easily prove that∫
Rp

(~vT ~x)2 exp(t|~vT ~x|K(~x, θ̃))

[
ε

h
H ′
(

1− ~xTα̃

h

)]2

f(x)dx

=− hβ∗21

α1

∫
Rp−1

f−1(x−1)

∫ 1

−1
(~vT ~x∗)2 exp(t|~vT ~x∗|K(~x∗, θ̃))

[
�(α,β∗,x−1, y)

h
H ′(y)

]2

× f

(
1− α0 − xT

−1α−1 − hy
α1

|x−1

)
dydx−1

≤O(h+ ‖α̃− β̃
∗
‖22/h).

Now we complete the proof of the lemma.

A.2. Proofs of the Main Results

After introducing and proving the above three lemmas, we begin to prove Proposition 3
and 4, Theorem 1 and 2.

Proof of Proposition 3. Recall that εi = 1− yiX̃
T

i β̃
∗
. De�ne �(α̃) = α̃− β̃

∗
, and

Cn,h(α̃) = An,h(α̃)− 1

n

n∑
i=1

yiX̃iI{εi ≥ 0}

=
1

n

n∑
i=1

yiX̃i

[
H

(
1− yiX̃

T

i α̃

h

)
− I{εi ≥ 0}+

1− yiX̃
T

i β̃
∗

h
H ′

(
1− yiX̃

T

i α̃

h

)]
.

Let Cn,h = Cn,h(β̃
∗
). Note that ‖Cn,h‖2 = supṽ∈R(p+1),‖ṽ‖2=1 |~vTCn,h|.

Let Sp1/2 be a 1/2 net of the unit sphere Sp in the Euclidean distance in Rp+1. According

to the proof of Lemma 3 in Cai et al. (2010), we have dp+1:=Card(Sp1/2) ≤ 5p+1. Let
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~v1, ..., ~vdp+1 be the centers of the dp+1 elements in the net. Therefore for any ~v in Sp, we have

‖~v−~vj‖2 ≤ 1/2 for some j. Therefore, ‖Cn,h‖2 ≤ 2 supj≤dp+1
|~vT
j Cn,h|. It is easy to see that

for any M > 0, there exists a set of points in Rp+1, {α̃k, 1 ≤ k ≤ sp+1} with sp+1 ≤ nM(p+1),

such that for any α̃ in the ball ‖α̃ − β̃
∗
‖2 ≤ an, we have ‖α̃ − α̃k‖2 ≤ 2

√
p+ 1an/n

M for

some 1 ≤ k ≤ sp+1 and ‖α̃k − β̃
∗
‖2 ≤ an.

De�ne

Cn,h,j(α̃) =
1

n

n∑
i=1

~vT
j yiX̃i

[
H

(
1− yiX̃

T

i α̃

h

)
− I{εi ≥ 0}+

εi
h
H ′

(
1− yiX̃

T

i α̃

h

)]

,
1

n

n∑
i=1

~vT
j yiX̃iHh,i(α̃).

According to the proof of Proposition 4.1 in Chen et al. (2018), it is enough to show that

sup
j

sup
k
|Cn,h,j(α̃k)| = OP

(√
ph log n

n
+ a2

n + h2

)
.

Since H and xH ′(x) are bounded, it is easy to see that

|Hh,i(α̃)| ≤ C(1 + |X̃
T

i (α̃− β̃
∗
)|/‖α̃− β̃

∗
‖2) =: K(X̃i, α̃, β̃

∗
).

By Lemma 3, we have for some t > 0,

E(~vT
j yiX̃iHh,i(α̃))2 exp(t|~vT

j X̃i|K(X̃i, α̃, β̃
∗
)) ≤ Ch(1 + ‖α̃− β̃

∗
‖2/h+ ‖α̃− β̃

∗
‖22/h2).

By
√
p log n = o(

√
nh) and Lemma 1 in Cai and Liu (2011), we can get for any γ > 0, there

exists a constant C such that

sup
j

sup
k

P

(
|Cn,h,j(α̃k)− ECn,h,j(α̃k)| ≥ C

√
ph log n

n

)
= O(n−γp).

The remaining work is to give a bound for ECn,h,j(α̃k). According to Lemma 1, we know

that ECn,h,j(α̃k) = O(h2 + ‖α̃k − β̃
∗
‖22). Hence, supj supk |ECn,h,j(α̃k)| = O(h2 + ‖α̃k −

β̃
∗
‖22). Combining with the above analysis, the proof is completed.

Proof of Proposition 4. For simplicity, denote D(β̃
∗
) by D. According to the proof of

Lemma 3 in Cai et al. (2010), for Dn,h we have

‖Dn,h −D‖ ≤ 10 sup
j≤bp+1

|~vT
j (Dn,h −D)~vj |.

where ~vj , 1 ≤ j ≤ bp+1, are some non-random vectors with ‖~vj‖2 = 1 and bp+1 ≤ 5p+1.
De�ne

Dn,h,j(α̃) =
1

nh

n∑
i=1

(~vT
j X̃i)

2H ′

(
1− yiX̃

T

i α̃

h

)
.
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When ‖β̃0 − β̃
∗
‖2 ≤ an, then

sup
j≤bp+1

|~vT
j (Dn,h −D)~vj | ≤ sup

j≤bp+1

sup
‖α̃−β̃∗‖2≤an

|Dn,h,j(α̃)− ~vT
j D~vj |.

As the proof of Lemma 3, we obtain that

E

[
~vTx̃iH

′

(
εi − yix̃T

i �(α̃)

h

)]2

= O(h).

According to the proof of Proposition 4.2 in Chen et al. (2018), Dn,h,j satis�es

sup
j

sup
k
|Dn,h,j(α̃k)− EDn,h,j(α̃k)| = OP

(√
p log n

nh

)
.

The remaining work is to give a bound for EDn,h,j(α̃k)−~vT
j D~vj . From Lemma 2, we obtain

that
EDn,h,j(α̃)− ~vT

j D~vj = O(h+ ‖α̃− β̃
∗
‖2).

Hence, supj supk |EDn,h,j(α̃k)− ~vT
j D~vj | = O(h+ ‖α̃k − β̃

∗
‖2). Combining with the above

analysis, the proof of the proposition is completed.

Proof of Theorem 1 and 2. We �rst assume that ‖β̃0 − β̃
∗
‖ = OP(an) with an = o(1)

and an = O(h). For independent random vectors {(yi, X̃i), i = 1, ..., n} with supj E|Xj |3 =
O(1), we can see that

‖ 1

n

n∑
i=1

yiX̃iI(εi ≥ 0)‖2 = OP(
√
p/n).

Note that ‖β̃0− β̃
∗
‖ = oP(1) and ‖β̃

∗
‖2 ≤ C. From the above result and Proposition 3 and

4 we know that for the estimator β̃ and the true parameter β̃
∗
,

β̃ − β̃
∗

= D(β̃
∗
)−1

(
1

n

n∑
i=1

yiX̃iI{εi ≥ 0} − λ
(

0

β∗

)
+ λ

(
0

β∗ − β0

))
+ rn.

with

‖rn‖2 = OP

(√
p2 log n

n2h
+

√
p log n

nh
λ+

√
ph log n

n
+ λh+ h2

)
.

Since λ ≤ h and ‖β̃0 − β̃
∗
‖ = OP(an), we have

β̃ − β̃
∗

= D(β̃
∗
)−1

(
1

n

n∑
i=1

yiX̃iI{εi ≥ 0} − λ
(

0

β∗

))
+ rn.

with

‖rn‖2 = OP

(√
p2 log n

n2h
+

√
ph log n

n
+ h2

)
. (28)
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Note that hg ≥
√
p/n, then

√
p2 logn
n2hg

≤
√

phg logn
n .

For q = 1, it is easy to see that Theorem 1 holds. Suppose the theorem holds for q = g−1
with g ≥ 2. Note that p = O(m/(log n)2) and λ = O(1/ log n), then hg−1 = O(1/ log n) and

we have
√
ph(g−1)(log n)/n = O(

√
p/n). Then we have an = max{λ2,

√
p/n, (p/m)2g−2} =

O(hg) for q = g with initial estimator β̂0 = β̂(g−1). Now we complete the proof of Theorem
1 by (28). Theorem 2 follows directly from Theorem 1 and the Lindeberg-Feller central
limit theorem.

Proof of Theorem 3. To prove Theorem 3, we �rst introduce the following lemma, which

shows that Ĝ(β̃
(q)

) is a consistent estimator of G(β̃
∗
).

Lemma 4 Under the conditions of Theorem 2 and an → 0, we have

sup
‖α̃−β̃∗‖2≤an

‖Ĝ(α̃)−G(β̃
∗
)‖ = oP(1).

Proof of Lemma 4. Let ~vj , 1 ≤ j ≤ bp+1 be de�ned as in the proof Proposition 4. De�ne

Gn,j(α̃) =
1

n

n∑
i=1

(~vT
j X̃i)

2I{1− Y X̃
T

i α̃ ≥ 0}.

By (C3) and Lemma 1 in Cai and Liu (2011), we can show that, for any γ > 0, there exists
a constant C > 0 such that

max
j

sup
‖α̃−β̃∗‖2≤an

P

(∣∣∣Gn,j(α̃)− EGn,j(α̃)
∣∣∣ ≥ C√p log n

n

)
= O(n−γp).

Let α̃k, 1 ≤ k ≤ sp, be de�ned as in the proof of Proposition 3. Therefore

max
1≤j≤bp+1

max
1≤k≤sp

∣∣∣Gn,j(α̃k)− EGn,j(α̃k)
∣∣∣ = OP

(√p log n

n

)
. (29)

Put tM = 2
√
p+ 1an/n

M . In the following, we show that

P

(
max
j

max
k

sup
‖α̃−α̃k‖2≤tM

∣∣∣Gn,j(α̃)−Gn,j(α̃k)
∣∣∣ ≥ C√p log n

n

)
= o(1) (30)

and

max
j

max
k

sup
‖α̃−α̃k‖2≤tM

∣∣∣EGn,j(α̃)− EGn,j(α̃k)
∣∣∣ ≤ C√p log n

n
. (31)

Note that for ‖α̃− α̃k‖2 ≤ tM ,∣∣∣I{1− yiX̃T

i α̃ ≥ 0} − I{1− yiX̃
T

i α̃k ≥ 0}
∣∣∣ ≤ I{−tM‖X̃i‖2 ≤ 1− yiX̃

T

i α̃k ≤ tM‖X̃i‖2}
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≤ I{−tMn ≤ 1− yiX̃
T

i α̃k ≤ tMn}
+I{‖X̃i‖2 ≥ n}.

By (C3), we have

P( max
1≤i≤n

‖X̃i‖2 ≥ n) = o(1). (32)

De�ne

Zi,j,k(α̃k) = (~vT
j X̃i)

2I{−tMn ≤ 1− yiX̃
T

i α̃k ≤ tMn}.

By (C2) and (C3), we have

EZi,j,k(α̃k) ≤
√
E(~vT

j X̃i)4

√
P(−tMn ≤ 1− yiX̃

T

i α̃k ≤ tMn) = O(
√
tMn) (33)

and

E(Zi,j,k(α̃k))
2 exp(t0Zi,j,k(α̃k)) = O(

√
tMn).

Note that

sup
‖α̃−α̃k‖2≤tM

∣∣∣Gn,j(α̃)−Gn,j(α̃k)
∣∣∣I{max

1≤i≤n
‖X̃i‖2 < n} ≤ 1

n

n∑
i=1

Zi,j,k(α̃k). (34)

By (C3) and Lemma 1 in Cai and Liu (2011), for any γ > 0, there exists a constant C > 0
such that

max
j,k

P

(∣∣∣ 1
n

n∑
i=1

(Zi,j,k(α̃k)− EZi,j,k(α̃k))
∣∣∣ ≥ C√p log n

n

)
= O(n−γp).

By (32)-(34), we can see that (30) and (31) hold.
By (29), (30) and the de�nition of ~vj , we have

sup
‖α̃−β̃∗‖2≤an

‖Ĝ(α̃)−G(α̃)‖ = OP

(√p log n

n

)
.

Moreover, we have∣∣∣I{1− yiX̃T

i α̃ ≥ 0} − I{1− yiX̃
T

i β̃
∗
≥ 0}

∣∣∣ ≤ I{−
√
an ≤ 1− yiX̃

T

i α̃k ≤
√
an}

+I{|X̃
T

i (α̃− β̃
∗
)|/‖α̃− β̃

∗
‖2 ≥ a−1/2

n }.

By this inequality, (C2) and (C3), it is easy to show that

E(~vTX̃i)
2I{1− Y X̃

T

i α̃ ≥ 0} − E(~vTX̃i)
2I{1− Y X̃

T

i β̃
∗
≥ 0} = o(1)

uniformly in ‖v‖2 = 1 and ‖α̃ − β̃
∗
‖2 ≤ an. This implies that sup‖α̃−β̃∗‖2≤an

‖G(α̃) −

G(β̃
∗
)‖ = oP(1).
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Now we prove Theorem 3. Without loss of generality, we can assume that ‖~v‖2 = 1. By

the consistency of D̂(β̃
(q−1)

) and Ĝ(β̃
(q)

) (see Lemma 4), we have

σ̂n,q →
√

~vTD(β̃
∗
)−1G(β̃

∗
)D(β̃

∗
)−1~v

as n, p→∞. This implies the theorem.

A.3. Proof of Auxiliary Results

Proof of Proposition 2. By Proposition 4, in the g-th iteration, we have∥∥∥∥∥N−1
N∑
k=1

V k −D(β̃
∗
)

∥∥∥∥∥ = OP

(√
p log n

nhg
+ hg

)
.

Therefore, it su�ces to show that∥∥∥V̂ 1 −D(β̃
∗
)
∥∥∥ = OP

(
m−δ

)
for some δ > 0. With the notation in the proof of Proposition 4, we have

sup
j

sup
k
|Dm,h,j(α̃k)− EDm,h,j(α̃k)| = OP

(√
p log n

mh

)

with h =
√
p/m. Also, |EDm,h,j(α̃k) − ~vT

j D~vj | = O(h + ‖α̃k − β̃
∗
‖2) uniformly in j, k.

This completes the proof as p = O(mγ) for some 0 < γ < 1.

Proof of Claim 1. Let us de�ne �ε = Y ε = (�ε1, . . . , �εp). It is easy to show it follows normal
distribution N (0, σ2I). By the construction of X (i.e., X = Y 1 + ε), we have YX =

Y 21 + Y ε = 1 + �ε and Y X̃ =
(
Y

1+ε̄

)
. Recall that S(β̃

∗
) = −E[I{1 − Y X̃

T
β̃
∗
≥ 0}Y X̃].

Therefore we have

S(β̃
∗
) = −E

[
I

{
1− 1

a
(1 + �ε)T1 ≥ 0

}(
Y

1 + �ε

)]
= −E

[
I{a ≥ p+ 1T�ε}

(
Y

1 + �ε

)]
.

In order to show that S(β̃
∗
) = 0, we only need to show that E

[
I{a ≥ p+ 1T�ε}Y

]
= 0

and E
[
I{a ≥ p+ 1T�ε}(1 + �εi)

]
= 0 for i = 1, . . . , p. The �rst equation holds because Y is

independent of �ε and E[Y ] = p+ − p− = 0. To show the second equation, we note that for
any i, j ∈ {1, . . . , p}, we have E[I{a ≥ p + 1T�ε}(1 + �εj)] = E[I{a ≥ p + 1T�ε}(1 + �εi)] by
distributional symmetry of �εi and �εj . Therefore it is enough to show that

p∑
j=1

E[I{a ≥ p+ 1T�ε}(1 + �εj)] = E[I{ν ≤ a}ν] = 0,

where ν = p + 1T�ε. Recall that a satis�es
∫ a
−∞ φ1(x)xdx = 0 where φ1(x) is the p.d.f.

of the distribution N (p, σ2p). Since ν follows the normal distribution N (p, σ2p), we have

E[I{ν ≤ a}ν] = 0. Therefore we have shown that S(β̃
∗
) = 0. By the convexity of the loss

function and uniqueness of the minimizer, we have proved that β̃
∗

is the true coe�cient
under the given setting.
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