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where T {1 - B85 — B —xt, 8%, > 0} =H{y>% (ao,08%,2_1,0)}and z*

—ap—x a1~ : .
denotes = with x; being replaced by a0 ;i Ly According to Condition (C2), (C3)
and (C4), note that

[ @ e et s K@ ) [H6) ~ 1y = 5 (@ w00}
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for some ¢ > 0. Therefore, by (C3)

— '
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[ "y exptlo" K (.8 [H(l : )—1{620}] f@)dz < O+ & — B ).
RP

On the other hand, we can easily prove that

~ 2
/R p(vTae)2 exp(t|v z| K (=, 9)) [ZH’ <1_2’T‘3‘ﬂ f(x)dz

*2 1 " * 2
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X f( et et y|m_1> dydx _,

g
<O(h+ |&—B|3/h).

Now we complete the proof of the lemma. |

A.2. Proofs of the Main Results

After introducing and proving the above three lemmas, we begin to prove Proposition 3
and 4, Theorem 1 and 2.

~T~x ~
Proof of Proposition 3. Recall thate; =1 -y, X, 3. De ne (a)=a-—/3, and

~ 1R =
Chn(a) = App(a) — - ZiniI{Gi >0}
=1

i T~ ~T ~x —~T _
=1y X, [H (1—14X0‘> e sope 1w XiB (1_yixi a)] |
n
i=1

h h h

Let C, 5 = Cn,h(ﬁ*). Note that [|Cy, 4|2 = SUPzere+D |5),=1 [0 Cp -
Let Sf/g be a 1/2 net of the unit sphere S? in the Euclidean distance in RP*!. According
to the proof of Lemma 3 in Cai et al. (2010), we have dp+1:=Card(Sf/2) < 5PHL Let
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v1, ..., ¥4,., D€ the centers of the d,,.; elements in the net. Therefore for any » in S?, we have
|lv—v,ll2 < 1/2for some j. Therefore, ||Cy, pll2 < 25Up;<g, ., |vaCn7h|. Itis easy to see that
for any M > 0, there exists a set of points in RPT!, {ay, 1 <k < Sp+1} With sy < nM(p+1),
such that for any « in the ball || — B*Hg < an, we have ||& — agll2 < 2v/p + La,/nM for
some 1 < k < spy1 and ||ag — B |2 < an.

De ne

n —~T __ ~T _
o 1 X 1-yX; €; l-yX,
Cung(@) = 1> vjuiXi [H <yh> “Haz 0+ <yh>]
=1
Al 1 = -
= n;‘uj iniHh,Z-(a).

According to the proof of Proposition 4.1 in Chen et al. (2018), it is enough to show that

~ |
supsup |Cy, p j(a)| = Op (\ / w + a2 + h2> .
ik

Since H and xH'(x) are bounded, it is easy to see that
- —~T _ ~ % - ~ % ~ L =%
[Hpi(@)| < C(L+|X; (= B)l/la =B |2) = K(Xi, 0, 8).
By Lemma 3, we have for some ¢ > 0,
E(v, y: X Hp (&) exp(to] Xi| K (X, & B7)) < Ch(L + & — B||2/h + [|& — B7[3/h*).

By v/plogn = o(v/nh) and Lemma 1 in Cai and Liu (2011), we can get for any ~ > 0, there
exists a constant C' such that

~ - |
supsupPP (cn,h,j(ak) — ECypj(@)| > c\/ph;jg”> = 0(n ™).
J k

The remaining work is to give a bound for EC,, ;, j(ay). According to Lemma 1, we know
that EC,, . ;(cu) = O(h2 + ||a, — B ||). Hence, sup; supy, |[EC,, ()| = O(h* + [|éy, —
B*H%). Combining with the above analysis, the proof is completed. [ |

Proof of Proposition 4. For simplicity, denote D(ﬁ*) by D. According to the proof of
Lemma 3 in Cai et al. (2010), for D,, ;, we have

| Dy, — D| <10 sup |v;»r(Dn7h — D)v;,|.
jgbp+l

where v;, 1 < j < b,41, are some non-random vectors with |v;|2 = 1 and b,y < 5p+1,
De ne

1IN e 1-yX, &

~\ — Ty \2 7/ — Y1y

Dy (@) = nh;(vj X,)'H <h ) :
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When ||B, — B |2 < an, then

T ~ T
sup |v; (Dy,n — D)vj| < sup sup  [Dypj(a) — v Dvjl.
7<bp+1 7<bp+1 ||a_,3*”2§an

As the proof of Lemma 3, we obtain that

o ( —y@! (a)>

2

E = O(h).

h

According to the proof of Proposition 4.2 in Chen et al. (2018), D, 5, ; satis es

- " logn
supsup | Dy, 4 j(a) — EDy, j j(a)| = Op ( P9 ) .
ik nh

The remaining work is to give a bound for ED,, , ;(c) —vJTva. From Lemma 2, we obtain

that —x
EDp (@) — v} Dv; = O(h+ |[a— B |2).

Hence, sup, supy, [ED,, 5 ;(au) — v]Tva| =0+ oy — E'*Hg). Combining with the above
analysis, the proof of the proposition is completed. |

Proof of Theorem 1 and 2. We rst assume that H,BO - B*H = Op(ay,) with a,, = o(1)
and a,, = O(h). For independent random vectors {(y;, X;),i = 1,...,n} with sup; E|X;|? =
0O(1), we can see that

H% Zyi/)\(/il(ei > 0)|l2 = Op(v/p/n).
i=1

Note that |3, —B*H = op(1) and HB*HQ < C. From the above result and Proposition 3 and
4 we know that for the estimator 8 and the true parameter [3*,

53 =p@E) " (LS uXirte 0 0
B—-B8 =D(B) <n;szZI{qZO}—>\<IB*>+>\<6*—,30>)+rn.

2
rall2 = Og \/p IOgn+\/plogn)\+\/phlogn+)\h+h2 '
n2h nh n

Since A < h and HBO - B*H = Op(an), we have

55 = 0@ (2 Ktz 0 -a(g) ) o

2
lrnll2 = Op <\/prlggn+\/ph|::gn+h2> ] (28)
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For ¢ = 1, it is easy to see that Theorem 1 holds. Suppose the theorem holds for g = g—1
with g > 2. Note that p = O(m/(logn)?) and A = O(1/ log n), then h,—1 = O(1/ logn) and
we have \/ph(g_l)(log n)/n = O(\/p/n). Then we have a, = max{\2, \/p/n, (p/m)* °} =
O(hy) for ¢ = g with initial estimator 30 = 3(9—1). Now we complete the proof of Theorem

1 by (28). Theorem 2 follows directly from Theorem 1 and the Lindeberg-Feller central
limit theorem.

Note that iy > /p/n, then \/% < \/@_

|
Proof of Theorem 3. To prove Theorem 3, we rst introduce the following lemma, which

shows that G(3"")) is a consistent estimator of G(3").

Lemma 4 Under the conditions of Theorem 2 and a, — 0, we have

sup  [|G(&) — G(B)| = op(D).

l&—B"l2<an
Proof of Lemma 4. Let v;, 1 < j < b,,1 be de ned as in the proof Proposition 4. De ne
Gy (@) = * (TR - YR & >0
n,j(Q) = nz;(vj )7 I{1 - i o> 0},

By (C3) and Lemma 1 in Cai and Liu (2011), we can show that, for any ~ > 0, there exists
a constant C > 0 such that

max sup P (‘Gm(&) — EGW-(&)‘ > C p'°9”> = O(n=").
n

~ %
T ja—B"2<an

Let ay, 1 <k < s, be de ned as in the proof of Proposition 3. Therefore

Ci () — EGn,j(ak)‘ = op(, /P 'Zg ”) (29)

Put t); = 2p+ 1an/nM. In the following, we show that

max max
1<j<bpr1 1<k<s)

P(maxmax sup |G (@) — Gw(&k)’ > oy/P097 ) oy (30)
Ik a-agle<tu n
and
~ ~ plogn
max mgx sup EG, j(a) — EGn,j(ak)‘ <C - (31)
J

la—a||2<tr

Note that for || — agl|2 < tar,
—~T _ —~T _ -~ —~T _ -~
Hl-yX,; a>0} - H{1-4X,; o > 0}‘ < Nty Xl <1 -3 X, o < tar]| X2}
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~T _
< I{*tMTL < 1-— ini (87 < tMn}
+I{[| Xil[2 > n}.

By (C3), we have
X,ll2 > n) = o(L).
P(lrgggxn 1 Xill2 > n) = o(1) (32)
De ne
~ ~ ~T_
Zi (@) = (0] X)) I{—tym < 1 — yi X, ay < tyn}.

By (C2) and (C3), we have

EZ; jr(ak) </ E(‘Uij)Zi)él\/P(—tzvm <1- yi/)\(/?&k <tun) = O0Wtyun) (33)
and
E(Z; ; 1(ar))? exp(toZi j x(ar)) = O(VEnmn).

Note that

sup
la—a|l2<trr

- . — 1 -
Grf(@) = Gug@)|I{max [ Xillz <n} < =3 Ziju(@).  (34)
- i=1

By (C3) and Lemma 1 in Cai and Liu (2011), for any v > 0, there exists a constant C > 0
such that

1 — ~ ~ lo _
max P (\ > Ziin@n) ~ BZi@)| = 0y 9”) = 0@ ).
7.k n =1 n

By (32)-(34), we can see that (30) and (31) hold.
By (29), (30) and the de nition of »;, we have

sp 8@ — G@)| = 0 (/10"

~ =k
[a=B ll2<an

Moreover, we have
I{1-yX,&>00 ~I{1-yX, B > 0} < H-va<i- yiX, & < a)
+H{IX, @ - BOI/E — Bl = ),
By this inequality, (C2) and (C3), it is easy to show that
E@TX,)2{1 - YX, & >0}~ E@'X,)’I{1-YX, 8 >0} =o)

uniformly in [jv]]s = 1 and | — B*Hg < ay,. This implies that SUP 55" |o<a |G(ax) —

G(B)| = ox(D). m
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Now we prove Theorem 3. Without loss of generality, we can assume that ||v||; = 1. By
the consistency of D(3" ") and G(3'") (see Lemma 4), we have

Fng — 2" D@)1GEIDE) 1

as n,p — oo. This implies the theorem. [ |

A.3. Proof of Auxiliary Results

Proof of Proposition 2. By Proposition 4, in the g-th iteration, we have

N
Nlka—D(B*)H =0 ( plogn +hg> -

nh
k=1 g

Therefore, it su ces to show that
|1 = D@ = 0¢ (m™")

for some § > 0. With the notation in the proof of Proposition 4, we have

~ - logn
supsup | D,y j(ar) — EDp, p j(a)| = Op ( p g )
i ok mh

with h = \/p/m. Also, [EDy, , ;(64) — vTDw;| = O(h + |[&, — B ||2) uniformly in j, .
This completes the proof as p = O(m”) for some 0 < v < 1. [ |

Proof of Claim 1. Letusde nee =Ye = (e!,...,€P). Itis easy to show it follows normal
distribution A(0,0°I). By the construction of X (i.e., X = Y1 +€), we have YX =

—~ ~% ~T ~x —~
Y21+Ye=1+€eand YX = (lié). Recall that S(3 ) = -E[[{1-YX B > 0}YX].
Therefore we have

S(B3)=-E [I{l—i(1+e)T120}< Y >] =-F [I{a2p+1Te}( Yﬁ)].

1+e

In order to show that S(8") = 0, we only need to show that E [[{a>p+1Te}Y] =0
and E [I{a>p+1Te}(1+¢)] =0fori=1,...,p. The rstequation holds because Y is
independent of € and E[Y] = p; — p— = 0. To show the second equation, we note that for
any i,j € {1,...,p}, we have E[I{a > p+ 1Te}(1 + ¢/)] = E[I{a > p + 1€} (1 + ¢')] by
distributional symmetry of ¢ and ¢/. Therefore it is enough to show that

p
S Elf{a>p+1Te}(1+ )] = E[I{v < a}r] =0,
j=1
where v = p + 1Te. Recall that « satis es ffoo ¢1(x)xdx = 0 where ¢1(x) is the p.d.f.
of the distribution N(p, o?p). Since v follows the normal distribution A (p, o2p), we have
E[I{v < a}r] = 0. Therefore we have shown that S(,B*) = 0. By the convexity of the loss

function and uniqueness of the minimizer, we have proved that B* is the true coe cient
under the given setting. |
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