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Acceleration of stochastic gradient descent with momentum by

averaging: nite-sample rates and asymptotic normality
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Abstract

Stochastic gradient descent with momentum (SGDM) has been widely used in many machine
learning and statistical applications. Despite the observed empirical bene ts of SGDM over
traditional SGD, the theoretical understanding of the role of momentum for di erent learning
rates in the optimization process remains widely open. We analyze the nite-sample convergence
rate of SGDM under the strongly convex settings and show that, with a large batch size, the
mini-batch SGDM converges faster than mini-batch SGD to a neighborhood of the optimal
value. Furthermore, we analyze the Polyak-averaging version of the SGDM estimator, establish

its asymptotic normality, and justify its asymptotic equivalence to the averaged SGD.

1 Introduction
In this paper, we are interested in solving the following stochastic optimization problem:
X* = argmin,gaE[f (X)]; (1.0

where f (X) is a stochastic convex loss function, is a random element, and E[ ] is the expectation
respected to . Stochastic optimization plays an important role in many statistics and machine

learning problems. For a wide range of applications, the objective function is strongly convex,
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and stochastic gradient descent (SGD) is widely preferred over gradient descent (GD) (See, e.g.,
Nesterov, 2003; Nocedal and Wright, 2006) due to its high computational advantage. SGD is
a rst-order optimization algorithm that approximates the expected loss by averaging the loss
function over a mini-batch of training examples. At each iteration, the algorithm updates the
model parameters in the direction of the negative gradient of the mini-batch loss, scaled by a
learning rate parameter.

While SGD is simple and easy to implement, it may su er from slow convergence rates or
oscillations in high-dimensional optimization problems, particularly when the loss function is ill-
conditioned or noisy. Momentum-based methods enhance SGD by introducing an exponentially
weighted moving average of the past gradients to the update rule, which serves to dampen oscilla-
tions and accelerate convergence. In particular, the momentum term introduces a form of inertia
to the update process, allowing the algorithm to maintain a more consistent direction of move-
ment even in the presence of noisy gradients. Several variants of momentum-based SGD have been
proposed, such as Nesterov’s accelerated gradient (NAG), Adagrad, and Adam, each with its own
strengths and weaknesses.

SGD with momentum has become increasingly popular in deep learning, where large-scale
neural networks are trained using mini-batch stochastic gradient descent. The use of momentum-
based optimization methods has been shown to improve the convergence rate and the generalization
performance of neural networks, as well as to reduce the sensitivity to the choice of hyperparameters.
However, the theoretical analysis of momentum-based SGD under strong convexity, a property that
ensures the existence of a unique and well-de ned minimizer, is still an active area of research.

In this paper, we focus on the theoretical analysis of momentum-based SGD from an optimiza-
tion perspective under the assumption of strong convexity, a property that ensures the existence
of a unique and well-de ned minimizer. Strong convexity is a natural assumption in many ma-
chine learning applications, such as logistic regression and support vector machines, where the loss
function has a unique global minimum. Our goal is to establish the convergence properties of
momentum-based SGD under strong convexity and to provide insights into the role of momentum
in the optimization process.

SGD with momentum is one of the most common algorithms for solving (1.1). The SGDM



updates the target estimator by a weighted combination with historical gradients

M = me+ (1 )OF (Xo);

X+l = Xt Mt+1; (1.2)
where ¢, t 1 arei.i.d. samplings from , is the momentum weight and is the learning rate.
The classical SGD is a special case of SGDM with =0 and mi+1 = rf (X¢).

SGDM is often also called as stochastic heavy-ball method, originated from Polyak’s heavy-
ball method for deterministic optimization (Polyak, 1964). We refer to Section 1.1 for a detailed
literature review. In practice, a large momentum weight is often placed to accelerate the algorithm,
for example, = 0:9. That being said, it is still an open problem to investigate the theoretical
properties of SGDM with a general speci cation of . The theoretical analysis in existing studies
has not given an a rmative answer to the open problem by Liu et al. (2020) and the assertion by
Kidambi et al. (2018).

We establish nite sample rates for SGDM and the averaging of its trajectories under smooth
and strongly convex loss functions. By our results, we can give some partial answers to these open

questions in several aspects.

1. We provide rigorous theoretical support for the assertion by Kidambi et al. (2018) in compar-
ing the performance of SGD and SGDM. Our nite-sample analysis shows that the mini-batch
SGDM with appropriate momentum weights and batch sizes converges faster than mini-batch
SGD to a given neighborhood of the true solution. We further provide an adaptive choice of
the momemtum weight which theoretically attains the optimal convergence rate. Our exper-

iments support the theoretical results of convergence and the optimal momentum weight.

2. We provide a non-asymptotic analysis of the Polyak-Ruppert averaging version of SGDM.

F)
The averaging of SGDM trajectories Xt = ¢ L t

Tno  i=no+1Xi can accelerate SGDM with a wide

range of learning rates to the rate O(\[it), where 2 is the variance of stochastic gradient.
Furthermore, we show theoretically that averaged SGDM converges faster than averaged SGD

in the early phases of the iteration process.

3. We further establish the asymptotic normality for the averaging x¢ as t ¥ 1 under certain



scenarios of a decaying learning rate or a diverging batch size s. Particularly,as = (t7)
for 2 (%; 1), the asymptotic normality holds for averaged SGDM under strongly convex loss
functions. The asymptotic covariance matrix depends only on the Hessian and Gram matrix
at x*, and matches the one in Polyak and Juditsky (1992) of averaged SGD. Interestingly,

mini-batch SGDM is asymptotically equivalent to mini-batch SGD ast ¥ 1.

1.1 Related Works

Since the seminal work by Robbins and Monro (1951), the convergence properties of SGD have been
extensively studied in the literature (See, e.g., Moulines and Bach, 2011; Bottou et al., 2018; Nguyen
etal., 2018). On the contrary, the theory for SGDM has rarely been explored until recently, although
it is very popular in training many modern machine learning models such as neural networks to
improve the training speed and accuracy of various models.

Kidambi et al. (2018) showed that (1.2) cannot achieve any improvement over SGD for a
specially constructed linear regression problem. Together with some numerical experiments, they
asserted that the only reason for the superiority of stochastic momentum methods in practice is
mini-batching. In a recent paper, Liu et al. (2020) proved SGDM can be as fast as SGD. They
established the identical convergence bound as SGD. They also posed an open problem whether it
is possible to show that SGDM converges faster than SGD for special objectives such as quadratic
ones. Other studies on the theoretical analysis of SGDM can be found in Loizou and Richtarik
(2017), Loizou and Richtarik (2020), Gitman et al. (2019) for linear system and quadratic loss;
Sebbouh et al. (2021) for almost sure convergence rates under smooth and convex loss functions
with a time-varying momentum weight. Mai and Johansson (2020) studied a class of general convex
loss, and obtain convergence rates of time averages regardless of the momentum weight. We refer
the readers to the latter paper and Liu et al. (2020) for a few more papers on the convergence rate
for SGDM.

Richtarik and Takac (2020) considered the problem of solving a consistent linear system Ax =
on least square regression. Some works (Loizou and Richtarik, 2017; Kidambi et al., 2018; Loizou

and Richtarik, 2020; Bollapragada et al., 2022) based on the stochastic heavy ball method(SHB)



achieved the linear convergence rate. Yang et al. (2016); Defazio (2020); Jin et al. (2022); Li
et al. (2022) investigate the impact of momentum on the convergence properties of non-convex
optimization problems and provides insights into its practical use. Gitman et al. (2019) focus on

the noise reduction properties of momentum.

2 Preliminaries

In this section, we present the mini-batch SGDM settings considered in this paper. Particularly,
we de ne a mini-batch stochastic loss
1 X
9.00=2 Fu00 (2.3)
i=1
where ¢ = F ;55 @ is a mini-batch of size s and elements ¢ are i.i.d. sampled from the
distribution of . The update of m; in (1.2) uses the mini-batch stochastic gradient Og ,(Xt)
instead of the individual stochastic gradient Of , (X¢).
We rst introduce some regularity assumptions and discuss their use in the theoretical results.
We denote the “2-norm of a vector as k k and the operator norm as kAk = max|x=1 kKAxKk.
(Al). Assume that the loss function T (X) is twice di erentiable. Let 1 a4 be the
eigenvalues of Hessian matrix = E[O?*f (x*)]. Assume that = ;>0,and L:= 4< 1:
(A2). There exists a constant L 0 such that the Hessian matrix of the loss f(x) := E[f (X)],

(X) = O2F(x) satis es k (X) (x)k Lkx x*k, 8x.
kv (x)-VFE (x*)k
[[x=x*]]

(A3’). Assume that Of (x*) and L satisfy
h i

sup E exp v'Of (x*) = 2; E[exp(L =Lg)] 2
[[v]=1

(A3). De ne L = sup, . Assume that E[kOf (x*)k?] 2 and E[L?] L2.

A few discussions follow concerning the assumptions above. Assumption (Al) is a regularity
condition on the smoothness and strong convexity of the loss function f (X) at x*. Beyond that, (A2)
assumes the Lipschitz condition on the Hessian matrix of the loss function. Notably, the de ned
in (Al) is a brief notation for E[ (Xx*)] de ned in (A2). For quadratic losses, the Hessian matrix

(x) is identical for di erent x, and therefore (A2) holds with L = 0. There are a few important



applications that t in the settings of non-quadratic but more general strongly convex losses, such
as logistic regression, Poisson regression, etc. In the following, we consider two scenarios, quadratic
losses, and general losses. Particularly, we illustrate (A2) under a logistic regression setting in
Example 1 below. This assumption is weaker than many in the literature, such as those in Yan
et al. (2018); Liu et al. (2020) that E[krf (X) rf(x)kz] 2 for all x. For quadratic losses, such
an assumption does not hold for some x when kx x*k ¥ 1. On the other hand, Bottou et al.
(2018); Wang and Johansson (2022) assumed that E[krf (x) rf(x)k?] krf(x)k® + 2 for

> 0. Meanwhile, our assumptions lead to

3(L2 +L?)

Elkrf (x) rf(x)k?] :

krf()k* +3 2,

due to the triangle inequality and strongly convexity.

Assumptions (A3) and (A3’) are two separate conditions on the smoothness of quadratic and
general stochastic loss functions, respectively. For any bounded domain fkxk rg, (A3) and (A3’)
are easily satis ed for bounded gradients and smoothness. For unbounded problems, they are usu-
ally satis ed given certain design properties in many popular statistical models. These assumptions
are relatively innocuous for practical problems. For instance, we illustrate the assumptions under

logistic regression in the following example.

Example 1 Consider logistic regression with samples fa ;b g such thata 2 RY andb 2 f0;1g are
generated by b = 1 with probability px(a ) andb = 0 otherwise, where px(a) = 1=(1+exp( x'a)).

We consider the loss function, i.e., the negative log-likelihood, is defined as:

F ()= blog(px(a)) (@ b)logl px(a)):

The gradient and the Hessian matriz are

rf()=(x@) bla; ()=Elpx@)L px(@)aa'l:
By the fact that jpx(a) py(a)j \1/785 kakkx yk, (A2) is satisfied with L = %E ka k®: Suppose
fa g in logistic regression satisfy E[a ] = 0q and
T 2 2

sup E exp v'a = 2;
[[vil=1



we have that jpx(@) bj 2, k(px(a) py(a))ak g kak? kx vk and therefore,

h i
sup E exp v'OF (x*) =(c ) 2; E[exp (L =(cL¢))] 2:
Ivi=1

for some absolute constant ¢ >0 and L¢ = Eka k2.

3 Finite-sample Convergence Rates for SGDM

In this section, we rst present the nite-sample convergence results for SGDM with general mo-

mentum weight . We consider the two cases separately: L = 0 corresponds to the quadratic losses,
and L > 0 corresponds to general strongly convex losses.
3.1 The nite-sample rates for SGDM on quadratic losses

We rst establish the nite-sample rates under quadratic losses, where
1+ T .
f(x)=§x AX b'x+c: (3.4

P
The Hessian matrix of the loss function = E[A ]. The stochastic lossis g ,(X) = % S FL(x)in
the mini-batch setting (2.3). The following theorem shows the convergence rate of the last iterate

Xt+1.

Theorem 1 Under (A1)-(A3) and L = 0, for any momentum 2 [0;1) and fived 2 (0;1],

assume the learning rate > 0 satisfies L <2(1+ )=(1 ) and 16M? 202 s -5 ),

where
4 n o
M=p=21 )1+ L+L)+3 ); =mkin ( +1 1 )W? 4 =0 (35
and is the spectral radius of the matriz
o 1
l; 1
=@ ( ) AZ (3.6)
I; 1 @a )
P, .
Let @1 = (1 ) j=1 Y1 (xj x*), we have fort 1,
4
Elk@rik? + kxers  XK7] 2M?2 st 2 24 kx,  x*K® A (3.7)

7



Theorem 1 provides a nite-sample bound simultaneously for the error of the last iterate X¢+1  X*,

and a weighted average of the stochastic gradients m1. The rst term in the error bound (3.7),

S?MZ) 2 2, corresponds to a non-decaying bias, due to the noisy observation in the stochastic

gradient, which is the same as the one in SGD. The second term is exponentially decaying when

< 1 and establishes a linear convergence of the SGDM algorithm to the neighborhood of the true

8M2
s(1-)

We provide some intuition in deriving the second term. Considering the noiseless setting where

solution with size with range

the stochastic gradient is the same as the true gradient, i.e., rf (xX) = rf(x) for any x; . We have

rg(x) = (x x*) and the SGDM updating rule (1.2) can be rewritten as
(0] 1 (0] 1 (@) 1

me my

m
@ "' A= @ A= t@
Xt+1 X" X¢ X* X1 X*

A -

where is the matrix in (3.6). When the spectral radius of is less than 1, the full-batch gradient
descent with momentum enjoys linear convergence. In Theorem 1, the matrix satis es !

M twith <1, which is proved in the appendix.

Remark 2 The assumption that > 0 in (3.5) is placed for the diagonalization of the matriz

which is required in our analysis to provide a last-iterate convergence analysis and can be relaxed
F)

if we aim for a time-average convergence analysis of the sum tE[kr&!ﬂtk2 + kXt X*kz]. More

particularly, a time-average convergence analysis computes e = (I )1 and requires

only that the spectral radius < 1.

In Theorem 1, the convergence rate mainly depends on the spectral radius of the matrix (3.6).

We characterize its explicit form in the following theorem.

Theorem 3 For any momentum weight 2 [0;1), let ; satisfy L <21+ )=(1 ) and define
=minf ;2(1+ )=(1 ) Lg: If the momentum < (1 )2=(1 + )2, we have that the

spectral radius  of  defined by (3.6) satisfies

q
+1 @1 )+ (+1 @ )) 4
= : (3.8)
2
On the other hand, if the momentum (1 2=(1+ )?, we have
_ P-.



Theorem 3 reveals that the behavior of is essentially di erent in the two ranges of momentum
weights 2 [0;1), segmented by (1  )?=(1+ )2. We now explicitly characterize the convergence
rates of SGDM in Theorem 1 with certain speci cations of the momentum weight that is either

close to 0 or 1, in the following two corollaries.

Corollary 4 (Small momentum weight ) Under the assumptions in Theorem 1, for 0O
(1 L)=(4+4 2L?), we have that (1 L)?=2, LL2=0(s ) and
L2
E[k@i1k® + kxer  X*K?] =0 - 2412 2=t
where  is defined in (3.8) above and

i+) ?
1 1

Corollary 4 establishes the explicit nite-sample rate of convergence of SGDM under small , and

shows that, the spectral radius decreases slowly as increases from 0 to (1 L)=(4+4 2L2).

Corollary 5 (Large momentum weight ) Under the assumptions in Theorem 1, for 0 <1

2

2 =(1+ )2, we have that 20 ) , LZ L2+ v

=0(s ); and
2 2 1 2 2 2 2(1— )t
E[k ke +k *kl=0 — L°+—- + L+ —— - ;

2(1+ ) _ p-

where  is defined in (3.8) above. Furthermore, if < +DOa— )y we have =

Corollary 5 demonstrates that the spectral radius increases with when it approaches 1, exhibit-

ing an opposite behavior compared to the small  settings that in Corollary 4.

Remark 6 As one increases from 0 to 1, the corresponding spectral radius  first decreases and
then increases. The minimal spectral radius in Theorem 3, given ,is *=(1 )=+ ), when

momentum weight is * = (1 Y2=(1+ )?. Particularly, if one specifies and as

ey "

—m ;. and

N
L 1
for sufficiently small >0, we have

(L+1= )* , 2, (L+1= ) e

E[kmi1k® + kxeer XK’} =0 <

We now compare our rate of convergence with several results in the existing literature.



Comparison to SGD Theorem 4.6 in Bottou et al. (2018) proved that the convergence rate of
SGD under strong convexity is O(t  2+(1 ), where they assume E[krf (x) rf()k?] 2
for all x. Comparing with their result, our analysis in Theorem 3 can apply with = for =0
and < 2=( + L), which is consistent with Bottou et al. (2018). Our result also implies that
SGDM with momentum weight 0 < < (1 )2=(1 + )? can accelerate the convergence rate in

Bottou et al. (2018).

Comparison to existing results for SGDM Liu et al. (2020) proved that the convergence
rate for strongly convex loss is O(t 2+ maxf1l g fort to=0O( 1=log( )). Comparing

that with Corollary 4 above, our result improves the rate when the momentum weight is small.

For large  when (1  )?=(1+ )% ourrateis = )tfort 1, which can be arbitrarily close
to t.

Then SHB method is equivalent to SGDM for ' = (1 )and /= . Under the noiseless
setting, for '=1=Land ’'= (pF 1)=(pF+ 1), Nesterov (1983) gave the O((1 IC)?L)t)
convergence rate. For ' = O(1=L) and = O(pﬁ) in Remark 6, our convergence factor is

=0(1 IC)?L), which improves the factor O(1 =L) in SGD and is consistent with Nesterov
(1983).
Theorem 3.5 in Bollapragada et al. (2022) proved that for
P
R e L = ==

for 2 (0; ), in the SHB method, the convergence rate on a consistent linear system Ax = b is
O('-—ztz( Nt+ '-—42 2): see Bollapragada et al. (2022) for the de nition of . Their convergence rate
is the same as ours in Remark 6 under a di erent setting, and their results are more restrictive on

the choice of learning rates and momentum weights.

3.2 The nite-sample rates for SGDM on general losses

For the general strongly convex loss where L > 0, we provide the following convergence rate.

Theorem 7 Under (A1)-(A2) and (A3’) and L > 0, for any momentum 2 [0;1), assume the

10



learning rate > 0 satisfies L <2(1+ )=(1 ) and

2L ¢ 3LM P-
P= + = S;
)@ K2 @ )

6p§c(2 log T + 4d)M
for fired 2 (0;1] and an absolute constant ¢ > 0, where M is defined in (3.5). In addition, the

1—
initialization X1 satisfies kX1 X*K %. Then with probability 1 2T 1,

q P
kmt+1 k2 + kXt+]_ X* k2 3 ZC %IO(?--]—-F)4d) M
S

Compared to Theorem 1, the convergence rate in Theorem 7 is worse but with only up to a

+3Mkx; x'k @)t for1 t T

logarithm term, which indicates that SGDM almost achieves the same rate when L > 0. Mini-batch
SGDM for general convex loss still converges faster than SGD with high probability, as discussed
in Theorem 3. In contrast to the quadratic settings L = 0, the general convex setting requires
additionally that the initialization x; is close to x*, i.e., kx; x*k is small. This assumption
is expected since the loss function is not guaranteed to be convex everywhere under the weak
assumptions in (A1){(A2). Particularly, for close to 0, we assume kx; x*k =0 =LL? . For
close to 1, we assume kx; x*k=0 =L L?+ 2=(1 )2
Based on Theorem 7, we have the following corollaries of the convergence rates for small and

large speci cations of under general losses, similar to Corollaries 4{5 for quadratic losses.

Corollary 8 (Small momentum weight ) Following Theorem 7, for QO (1 L)=(4 +

4 212, we have that (1 L)?=2, p7LfL +LL =0 s 32 gnd with high probability

q

kmt+1k2 + KXt+1 X”‘k2 =0 %Osgip +L A=t

where  is defined in (3.8) above.

Corollary 9 (Large momentum weight ) Following Theorem 7, for 0 < 1 2 =1+

)2, we have that 20 )

r—
p_ _
L¢g L+— 1+L L+ = ;
f 1 1 a ) O(s );
and with high probability . ,
= 2 2 logT P— - a-H ]
km1:+1k + kXt+1 X*k = O ‘pS: L + 17 + L + pﬁ ;
. . . 2(1+ ) _ -
where  is defined in (3.8) above. Furthermore, if < +=DOa— )y we have = .

11



In the following remark, we choose the optimal momentum weights to show the explicit conver-

gence results with respect to L, , and s.

Remark 10 For and in Theorem 1 satisfying

_a 7, "

BECE

1
L1

for sufficiently small >0, we have that =4 +0( ?) and

(pj(lf )"

a _ P 44l
= L+1=
ke 1k? + kxerr  xk2 =0 s 1ps) oo T + (p, )

We arrive at the same conclusions as we had in quadratic settings that SGDM can accelerate

convergence over SGD under general strongly convex losses when L = 0.

4 Acceleration with Averaging

In this section, we study the Polyak-averaging SGDM (referred to as averaged SGDM), following

Ruppert (1988) and Polyak and Juditsky (1992). Particularly, we aim at building the convergence
P

result of n%no t=no+1 Xt Which is an average of all iterates x; starting from a constant period no.

We show that the averaging leads to acceleration for SGDM, compared to the last-iterate bounds

established in the previous section.

4.1 Averaged SGDM under quadratic losses

For the mini-batch model (2.3) under quadratic losses where L = 0, we rst de ne the stochastic

gradients evaluated at x*,

1 X
i = S (A X" by (4.10)
i=1

Here fz{gi>1 are i.i.d. random vectors when v are i.i.d. sampled. We now characterize a decom-

F)
position of the error of the averaged SGDM n_lno ?:noﬂ(xt X*), which leads to an acceleration

over the last iterate of SGDM xj,.

12



Theorem 11 Under (A1)-(A3) and L = 0, suppose that the conditions in Theorem 1 hold, and
the t-th iteration (B, X¢) satisfies

Cy

E[kmk® + kx;  x*K?] @) 224 Cokxy xR 2A-)ED. g (4.11)
Then forn  2ng where 2" =s~1(1 ), we have
P P
'?:no+1(xt X*) — Ec1=n0+1 iszl 71(A tiX* bti) +Rp: (4_12)
n no s(n no)
where
C C,
EKRnK® = + —=;
n sn2  s2n’
Cokxy  x*K? 1 AM?kx;  x*K®
Cy =40 LEM? =25 +120 2 M2 + :
' ~a a0y @ ) 1 |
C; 2
C,=30 2 2LZM2 .
i a oy

and M s defined in (3.5).

In the above theorem, we mainly obtain the convergence rate of averaged SGDM in (4.12), while
(4.11) is nothing but a rephrasing of the last-iterate bounds established in (3.7), for the purpose
of explicitly establishing the dependence of C1, C, to the constants Cy, C, in (4.11). Comparing

the convergence rates in Theorem 11, the averaged SGDM converges to x* without a bias as n
Pn —1%
_t=ng+1 %t

increases. The leading term -
0

is an average of (N np) i.i.d. vectors (as in (4.10)).
Therefore the leading term is bounded by O(%) in squared expectation, while the remainder term

Rn in (4.12) is bounded by &% + 2.

Remark 12 The convergence rate of the remainder terms in Theorem 11 depends on  and
which implicitly depends on the momentum . When  increases in the range 0 1
2=(1 + )?, the spectral radius  decreases as we proved in Theorem 3 and Corollary 4. As a
consequence, the term Cy in Theorem 11 decreases due to the factor (1 )L, which indicates a
faster convergence. On the other hand, as increases when is close to 1, we can see the increase
of and Cy, and therefore the convergence is slower. In summary, as one increases  from 0 to
1, the convergence rate of averaged SGDM is first faster and then slower. Fxcept for  being too

large, averaged SGDM converges faster than the averaged SGD ( =0).

13



Remark 13 [t is noteworthy to mention that, for averaged SGDM, the initialization error kxy X*k
is forgotten at the rate of N~2, slower than the exponential initialization-forgetting for the last-iterate

convergence established in Theorem 1.

In addition, the leading term in (4.12) is independent of momentum weight and learning rate
, Which indeed indicates that averaged SGDM has the same rate of convergence as the averaged
SGD. The following Corollary 14 further establishes that the asymptotic distribution of averaged

SGDM is the same regardless of

Corollary 14 Following Theorem 11, we have

where
= %E[(A x* b)AX* b)'] (4.13)

The asymptotic covariance matrix of the averaged SGDM depends on the error of loss function

at x*. When x; converges to a neighborhood of x*, the stochastic gradient at x; is close to z;,
the stochastic gradient evaluated at x* de ned in (4.10), due to Assumptions (A2){(A3). As
the averaged SGDM is close to x*, the limiting distribution is established with covariance matrix
~1 ~lwhere and are respectively the Hessian and Gram matrix of z;. The asymptotic
covariance matrix matches the one in the existing literature of averaged SGD (Polyak and Juditsky,
1992). Furthermore, the asymptotic distribution established in Corollary 14 can be used to perform
an online statistical inference for SGDM (Chen et al., 2020; Zhu et al., 2023), which we leave as an

interesting future direction.

Remark 15 Asymptotic normality in Corollary 14 hold under asymptotics s= ; n ¥ 1. We

specify two common scenarios of the learning rate , batch size S and sample size N.

e For a constant learning rate , Corollary 14 holds as n and S tend to infinity. As the batch
size S increases, the bias term in (/.11) approaches zero, reducing the difference between the

stochastic gradient at X¢ and X*.

14



o For decaying learning rate , the asymptotic normality holds with o fized batch size S as long
as N diverges. The idea is intuitive: as alpha decreases, the random effect reduces. For

instance, the condition of Corollary 1/ is met when the batch size S is fited and = (N7)

with 2 (0;1) asn ¥ 1.

4.2 Averaged SGDM under general losses

For the general strongly convex loss function, we provide the convergence rate of the averaged

SGDM in the following theorem.

Theorem 16 For L > 0, suppose that the conditions in Theorem 7 hold, and the t-th iteration
(®my; X¢) satisfies for fized 2 (O; %],
q

C
kimk? + kx;  x*k? pﬁ +Cokx; xk @)D 1 ¢ T (4.14)
S
Then for2ng n T, where " =s 121 )72 with probability of at least 1 4T 1, we have
P
?:n0+1(xt X*) — ?zno+1 iS=1 _lOf ti(x*) +Rn; (4.15)
n ng s(n  np)
where
+
KRk o4 & o4& (4.16)
sn s n s
16c(2log T + 4d)Cokx;  x*k 4p§c(2Io T+4d) 2Mkx; Xx*k
Ci= LM 9 2KX1 + M 9_ + 1 XK.
o (1 )3—2 (1 )3—2 (1 )1—2
8 2c(2log T + 4d)C,
Co= L M ;
2 f (1 )3=
_C2kx; x*K*(no(1 ) +1) _c2z2
Cs3=8 ML-2 ; C4=4 °ML L1
’ @ ) * @

where M is defined in (3.5).

Using the same arguments as in Remark 12, we can also see that SGDM converges faster than
SGD, and the error bounds rst decrease then increase when we moves from 0 to 1, due to the

factor (1  )~! in the error bounds.
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For non-quadratic settings of L > 0, there are two additional terms C3=(p§n) and C4=s in
(4.16) compared to the case of L =0. Asn ¥ 1, the term C4=s appears as a non-vanishing bias,
if the batch size s and learning rate  both stays xed, due to which the asymptotic normality does
not hold. Nonetheless, if one decays or increases s appropriately as n increases, the asymptotic

normality result remains to hold in the following corollary.

Corollary 17 Following Theorem 16, we have

pf Pn * pi pf
e t=pg+1 (Xt X) Lo—1 -1y n .S
“n  no > N ) as log(s= )’ Py = L
where
— 1 * *\ 1 1.
= —E[Of (x")Of (x) I (4.17)

Remark 18 The conditions on n, s, and  in this corollary are more restrictive than those in
Corollary 1/ due to the presence of the approximation errors L KX x*k?. For a decaying learning
rate , the condition on the batch size is much relaxed since a small learning rate reduces the error
caused by randomness, as shown in the Cq1 term in (4.14). Particularly, when the batch size S is

fized, the condition of Corollary 17 is met for = (N~ ) with 2 (%, Dasn ¥ 1.

5 Experiments

In this section, we support our theoretical results with simulations in a quadratic example and a
logistic loss example of the general strongly convex loss, and real-data experiments of a multinomial
logistic regression on MNIST hand-written digit classi cation.

In the numerical experiments, we verify the convergence results built in the paper on a training
set f1;2;:::;Ng. Setting to be a uniform random variable with values in f1;2;:::;Ng, we
consider to minimize miny ﬁ P!\'zl fi(x), as an example of the stochastic optimization model (1.1),
where the objective is either the empirical risk E[f (X)] = % PE\'Zl Ti(x), or more speci cally in a
maximum likelihood estimation, the negative log-likelihood.

In all the simulation results below, we repeat the experiment 200 times. For the real-data

analysis on MNIST, we repeat the experiment in a replicable setting while we x the random seeds

to 1, 2, and 3 in training.
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5.1 Simulation: quadratic loss

In a quadratic loss model (3.4), we rst conduct a simulation study with a sample of size N = 20; 000
and dimension d = 10. We generate the parameters f(A;; bi)gly, in (3.4) i.i.d and bj N (0g; I4),
and the positive de nitive matrix Aj = V;TV; + 1014. Here V; is a matrix in R%¢ and each row
of Vi generates from the normal distribution N (Oq4; 14), where > 0 a ect the conditional number
L= . We choose =1 and the average conditional number L= is 35=10. The exact minimizer x*

-1 Py

: Py
is computed by x* = i=1 Ai = bi .

We consider the mini-batch SGDM with batch size s = 0:2N with replacement. The learning

rate is xed at = 0:001. According to Theorem 3, we choose the momentum weight following
1 2
= 1= : (5.18)

We refer to the above as the adaptive momentum weight in SGDM (SGDM-adap), while we also

compare it with other xed , as well as SGD as a special case of SGDM with =0 in Figure 1.
10! 10-1
--@- SGD —+— SGDM-adap
1072 5 —¥- SGDM-0.5 1072 % —¥- SGDM-0.97
R SGDM-0.7 SGDM-0.98
10734 ° 1073 3 .
N -#- SGDM-0.9 -#- SGDM-0.99
~ 104 —+— SGDM-adap ~ 1074 4 t .
= oA = L L
T 1075 4 1075 4 *'»\
= X ' - #
= 107° 4 = 107F 3 ' "’
NN
107 5 1077 4 NN
1075 -
1072 T T T
0 200 400 600 800

t
(a) Small (b) Large

Figure 1: Performance of SGD and SGDM on the quadratic loss. The average value of the adaptive

momentum weight is 0.96.

Figure 1 supports the theoretical results in Theorems 1 and 3. Both SGD and SGDM enjoy
linear convergence at the beginning and have the same order of error at the end. The adaptive

momemtum SGDM-adap with = (1 )2=(1+ )? in (5.18) converges fastest, where the average
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(a) Small (b) Large

Figure 4. Performance of SGD and SGDM on the logistic loss, and the average value of the adaptive

momentum weight is 0.75.
one-hot indicators corresponding the digits 0;1;  ;9, the loss function is
fi(X) = HX Ta; by);

where X 2 R8>0 and H is the multi-class cross entropy. We specify the batch size s = 256 and
the learning rate = 1:0. Due to the di culty of computing the condition number L= , we X the
momentum weight = 0:1;0:3;0:5;0:7;0:9;0:99 in training.

Figure 6 shows the convergence of the training loss over iterations t. For the purpose of clear
representation, the reported training loss for each iteration t is based on an average of mini-batch
stochastic losses g , of the past bN=sc batches, with the batch size s.

From Figure 6, we see that SGDM with momentum weight  ranging from 0:1 to 0:9 greatly
outperforms SGD. SGDM with = 0:5 converges fastest in the earlier iterations, while the training
losses are almost identical for di erent momentum weights in the later iterations, except for =
0:99. The convergence rate is not very sensitive to the momentum weights and a wide range of

2 [0:3;0:9] leads to similar performance.
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-m- SGDM-0.3

(a) Small (b) Large

Figure 5: Performance of Averaged SGD and Averaged SGDM on the logistic loss. The average

value of the adaptive momentum weight is 0.75.

6 Conclusion

Our study sheds light on the performance of mini-batch SGD with momentum (SGDM) in solving
optimization problems under smooth and strongly convex loss functions. The convergence rate of
mini-batch SGDM is in uenced by several factors, including those of the batch size, the momentum
weight, and the learning rate. Our analysis showed that certain choices of momentum weight chosen
with a reasonably large batch size can lead to faster convergence compared to mini-batch SGD.
This nding is consistent with previous studies on the numerical performance of SGDM. We further
establish the asymptotic normality of averaged SGDM in the quadratic settings and reveal the non-
vanishing bias of that in the general settings.

Furthermore, our investigation of the impact of averaging mini-batch SGDM trajectories on
the convergence rate of the algorithm revealed that the averaging of trajectories accelerate the
convergence rate of the algorithm, particularly in the early phases of the iteration process. This
result suggests that averaging trajectories is a useful technique for enhancing the performance of
mini-batch SGDM in practice.

In summary, our study contributes to the theoretical understanding of mini-batch SGDM and

has practical implications for developing e cient optimization algorithms in machine learning. It
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Figure 6: Performance of SGD and SGDM on MNIST.

is noteworthy to mention that our study assumed that the loss function was smooth and strongly
convex. In future work, our work can be extended in several ways. It would be interesting to
investigate the performance of mini-batch SGDM under non-convex loss functions, since this would
have important implications for the application of SGDM in deep learning. It is also of interest to

extend the analysis to the case when the learning rate decays over time.
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A Proofs of nite-time convergence rates of SGDM

A.1 Proof of Theorem 1

Recall that
Mi+1 = M+ (l )Og t(Xt); Xt+1 = Xt Myg+1:
Put
(@) 1
=@ I a ) A
;1 @ )
P, i )
Let ge =X X" and @1 = (1 ) =1 J g, we can write
(@) 1 O 1 O 1
;3] 1o 0
Bi+1 By }:1 J(Og ; () Ej)
(@) 1 (@) 1
X
@™ aA g )y ovHie 0 A
By i=1 11 17509 (x)  ®)

De ne
O = E[kmck?® + keek?]:
Recall for L = 0, there hold that Og(x) = E[Og (X)]= (x x*) and

Og ,(x) B =(0g ,(x) Og  (x)+0g(x?) Og(xk))+O0g,(x):

(A.20)

By the L¢-smooth of the individual function f (x) in (A3) and the independence of L and gy, we

have

EKOF (x¢) OF (x*) + Of(x*) OFf(x)k? EKOF (xi) OF (x)k?® LZEkek?;

and
(@) 1,
» 2 3K XK .

Jt+1 tq+221 Y- @ I IkA

S k=1 j=k

(@) 1,
2 3K XK .
+2 2(1 )25 @ t—J J-kKA Ok:
S k=1 j=k

(A.21)



In the remaining part of proof, we use the inductive method to derive the bound of g;. Let

C1 1 and C,

t 1, the inequalities

1 be some constants which will be speci ed later. We will prove that, for any

Ci 5 21— )i-1) .
; _ o1 A.22
0j s ) + Cay ; j ot (A.22)
with xed 2 (0;1], imply that
Gt 2t 2 24 Cpgy 207 (A.23)
s )

By Lemma 20 below, we have 1}

sum in (A.21), we have the following lemma:

Lemma 19 For 0 i <1, we have

M . From Theorem 3, we have

p*. To handle the

o) 1,
X X 5
@ =i J-kA > :
k=1 j=k @ H)xa )
In addition, if p*, for fired 2 (0;1], we have
o) 1,
X X
@ ti kA 20-)k-D ud 20— )(t-1).
- ik @ 2a )
and
KX ik as e 2 - ).
ot ik @ Ha )
Proof.
o 1, o
XX KKK XX misdi}
@ t—j J-kKA — 2t—i—j i+j—2k — 2t—i—j i+j—2k
k=1 j=k k=1i=k j=k i=1 j=1 k=1
1 XX 2—iej i—jl 2 R 2-2j—k k
i=1j=1 k=0 j=1
2 Xk 2 2 _
1 ko L 2 @€ Ha Ha ) @ )xa )
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If p*, we have
(@) 1,
—2(1— )(t-1) X@X t-j i-kA 20— )k-1) — KXKXX 2k—i—j i+j—2k 2 (t—k)
k=1 j=k k=1i=k j=k
mingkj } o
KX, cmingign ) i L minti (Pyli-il
1 2= 2
2 XX, (t—i) (pjk 4 4 .
2 2 2 '
1 ko a 2a ?2) @ ra )
where the last inequality is due to the fact that 11:;‘ 1 for 2 (0;1]. Similarly, we have
KK KK i
—(1-)(t-1) t—j j—k (1-)k-1) — i _ A7
k=1j=k k=1j=k
X
DT Pyik 2 1 2 ;
i - 11 a Ha )
Then from (A.21) and (A.22), it holds that
2 2t 2 22 2
M +2 “—M°——
Ot+1 01 s 1
L% 2C, 22 1 4
+2 21 ziMz 1 +C 2(1— )t
M s e T T T @ va
212 -~ 2t 2] 2
C1 2 2p\p2 i + 4 Ly + Coth 2(1-)tp\g2 + 8 Lt
s ) C: s@@ ) C, s2-)@a )
Let the learning rate  and the batch size s satisfy
2
SRS UL B
21-) @1 )y s 2
we can take
C1 =8M?, C,=2M2
Then it is easy to see that (A.23) holds, and the induction is completed.
A.2 Proof of Theorem 3
Put
(@) 10 10 1
. . T.
04; U ;1 @ )HA 0q; UT



where = Udiag( 1;::; UT =: UAUT, = ¢ = L, U is an orthogonal matrix.

Now we can de ne

P

s 1 @0 D) (@ )« 1> 4

k — 2 ’

for1 Kk d, and the diagonal matrix
@) 1
diag( 7m0 ) 0
_@ Mot i q) ‘ A (A.24)
Og; diag( ;5 4
Notice that if ( (1 ) « 1?2 <4, f(t is complex and the de nition is

p

+_ *1 QO )«
=












where

=min :

2+ )

L
1

In this condition, there holds that +1 (1 ) >2P—Dene =( +1 (@ ))? 4 >0,

p_
h’ 1+ +2 (1+ +1 (1
By the fact that h(0) = 1 @0 <0and2 @A+ ) +1 (1 )) 0, where0 <
(1 )%=+ )?, we have that h is concave and
1+ ) ?
! 1 1 1

For complex eigenvalues, which means that j +1 (1 ) ki 2p* for all k. Then

1 )=+ )?and
p_P , D
—max * = max +1 @ )« 14 (Q D« n* _p-
k k 2
A.3 Proof of Theorem 7
Recall that
@) 1 (@) 1 (0] 1
X
@™ ta-1w@™aA o ) vie, ° A.
Bt+1 B i=1 f<:1 1=k(0g (%) By)

For L > 0, it holds that

Og ((x) B =(0g ,(xk) Og ,(x?)+0g(x?) 0g(xq))+0g ,(x)+0g(x) B

=(0g (%) 0Og , (x*) +0g(x?) Og(xk)) +Og , (X*) + Viky; (A.28)

R
where kVik = 01 (X* +yBy)

(x*)dy L kegk.

The purpose of the following proof is to provide bounds for three parts in (A.28). To this end,

we begin by introducing some useful lemmas concerning sub-exponential vectors.

Lemma 21 Suppose Xx 2 RY are independent, zero-mean y-sub-exponential random vector, we

have
(@)

X !Ll‘%x
P@  x¢ >c(log(1l= )+ 2d) 2A

k=1

where ¢ > 0 s a absolute constant.

\/ 1

k=1
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Proof. Let N be the 1/2-net of the unit ball fz 2 RY : kzk  1g with respect to the Euclidean

norm that satis es jNj 69. By the inequality that

1
max v'Xx maxz X+ max v'X=maxz X+ - maxV'x;

Iv]=1 zeN Iv)=1 zeN 2 |v||=1

we have

X
x> 1 69sup P2z" x> I
According to Bernstein’s inequality, there holds
2

X
PRz" x> 1 exp comin —Pr—oy;
4 k=1 k 2maXg k

k=1
P

for some absolute constant co. To bound P[max =1 vl E=1 Xk > ] ,we nd such that

8\& 1S) \'j

X 1 p__ 1 = X

=2max _ L= Z2p— log(l= )+ 2d;max — (log(1= )+ 2d) _ c'lé 2 (log(1=) +2d);
- k=1 Co k Co > k=1
n o
where ¢ = 2max & —
Lemma 22 Under (A1)-(A2) and (A3’), we have
o (@) 1 p 1
x< 0 7l
P@ i@ o | A _ 120 (2 I<1)=92T1+ 4d)A %;
-1 I, i*og (<) s@ oEa )
forl t T.
Proof. De ne
(@) 1
x 0
Yt;k = t-j j-k @ A:
i=k Og , (x*)

P o
By the de nition of the sub-exponential, Y is }:k t=j J-k -sub-exponential random vector

SI°

S
for some absolute constant ¢ > 0, and fY.kgk_, are independent. Then by Lemmas 19 and 20, we
have

X X 5
t—j j—k |\/|2 :
r Ha )y

k=1 j=k
By applying Lemma 21 on fYygk_,, with probability 1 1=T?2, we can obtain the following result:

X P3e (2log T + 4d)_
et s@ )P )’
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Lemma 23 Under (A1)-(A2) and (A3’), suppose that the t-th iteration (®y; Bt) satisfies

g
kmjk? + kejk? p% +Cpgl™? (-G,
s
forl j t, we have
o o 1 1

XK _ 0 .

i=1 Jop I7K(0g (%) 0g (x*) +0g(x") Og(xi))
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P 1=2 !
L 5C,q¥?2 (1-)(t-1)
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Psa Ha " P =a )

Proof. De ne
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0

X
Yo = i k@ A
i=k Og (xk) Og , (x*) +0g(x*) Og(xk)
According to the iteration of SGDM, we have  and Xy are independent and fYt;kgthl are mar-

tingale di erence. Due to the L¢-smooth of the individual gradient Of (x), it holds that

h i
max E exp V'VYek = 2;
vi=1
where
Le X ...
= CPg Ik gk
J=k

and ¢ > 0 is an absolute constant. Then according to Lemmas 19 and 20, we have
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By applying Lemma 21 on fY¢gt_,, with probability 1 1=T?2, we can obtain the following result:
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Lemma 24 Under (A1)-(A2) and (A3’), suppose that the t-th iteration (®y; Bt) satisfies
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